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Millimeter-Wave Sparse Imaging for Concealed
Objects Based on Sparse Range

Migration Algorithm
Li Ding , Shuxian Wu, Ping Li, and Yiming Zhu

Abstract— To relieve the system cost in densely sampling
when applying the millimeter-wave (MMW) synthetic aperture
radar (SAR) technique for imaging applications, an MMW
sparse imaging method is presented by the combination of the
under-sampling scheme in space and the following sparse imaging
algorithm. Different from the requirement on sub-wavelength
sampling interval by Nyquist law, the system only needs to collect
a random subset of spatial samples. To transform the spatial
samples into wavenumber domain, a sparse range migration algo-
rithm (SRMA) is proposed to realize MMW sparse imaging by
embedding the matrix completion (MC) technique into classical
RMA. In light of the relationship of Fourier transform between
the scattering coefficients and the wavenumber-domain echo,
the proposed algorithm utilizes the atomic norm minimization to
fulfill the MC from the small set of wavenumber-domain entries
to their full data matrix. The experiments are conducted by a
wideband MMW transceiver mounted on a linear trajectory for
imaging two specimens with different kinds of cover. Their clear
imaging contrast of azimuth-range profiles is obtained through
SRMA under different under-sampling conditions and RMA with
fully sampled data, and verify the effectiveness of the proposed
method.

Index Terms— MMW sparse imaging, sparse range migration
algorithm, atomic norm minimization, matrix completion, under
sampling.

I. INTRODUCTION

REcently, because of the advantage to penetrate through
non-metallic materials, such as clothing, concrete or

packaging materials and the comparable resolution capability,
millimeter-wave (MMW) imaging has received increasing
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interest [1]. In the field of MMW imaging by synthetic aper-
ture radar (SAR) technique, range migration algorithm (RMA)
is a kind of Fourier transform (FT)-based algorithm, which is
popular to provide a high-resolution imaging. However, its
requirement by Nyquist law with densely sampling in spatial
domain aggravates the system costs as well as the signal acqui-
sition time. This situation, hence, is intensified in the MMW
band especially because of the small sampling interval when
further increasing the signal frequency for higher resolution.
This motivates the development of effective imaging approach
that requires only a sparse subset of spatial samples instead
of their full sets.

Currently there are plenty of studies focusing on the
sparse inversion problem with respect to the limited
samples [2]–[13], and one of the most popular meth-
ods is matrix completion (MC) technique. Compared with
the other sparse techniques, such as compressed sensing
(CS) [4]–[6], [14], MC provides a different way in dealing
with the under-determined problem from the perspective of
lost-data restoration, which estimates the missing data by
inspecting the relationship between the observed elements
and the unobserved ones [7]–[9]. It is independent of the
measurement-matrix design which is a key factor determin-
ing the performance of CS [6]. Research shows that MC
has been demonstrated high accuracy to recover the missing
data from partial entries by taking advantage of low rank
constraint [15]–[24]. So far, MC technique has been widely
applied in various fields, such as far-field SAR imaging [17],
collaborative filtering [18], system identification [20], spec-
trum sensing [21], sparse channel estimation [22], sensor
network [23], multimedia coding and communication [24],
and so on. Nevertheless, to the best of our knowledge, there is
relatively less work to introduce MC technology into MMW
applications.

Motivated by the above considerations, in the paper, we pro-
pose a MMW sparse imaging method by combing the MC
technique to allow the spatial under-sampling when utilizing
one-dimensional (1-D) SAR in azimuth. Specially, the imaging
system mainly consists of a MMW transceiver which emits the
wideband MMW signals and is mounted on a linear trajectory
to fulfill the near field scanning. In this way, the transmitted
wideband signal contributes to the range resolution, and the
motion of the transceiver contributes to the azimuth resolution
by synthetic aperture technique. The MMW transceiver is
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placed not far from the object under the test, while the motion
trail is parallel to the front surface of the target. Considering
this short distance between the transceiver and the object,
there is a near-field imaging problem. Based on the stationary
phase theorem, the double round-trip distance in raw echo
can be decomposed to result in a 2-D analytical expression
for MMW near-field imaging in the wavenumber domain.
To achieve the sparse imaging based on the partial measure-
ments by spatially under-sampling, a sparse RMA (SRMA) is
proposed by embedding MC into the classical RMA. In light
of Fourier transformation relationship between the scattering
coefficients and the wavenumber-domain echo, the embed-
ded MC step is achieved by an atomic-norm minimization
method to exactly recover the fully 2-D wavenumber-domain
data set [25]. Hence, different from the rigorous requirement
on sub-wavelength sampling interval by classical RMA, this
improved algorithm allows the sparse sampling, either to speed
up the measurement or to reduce the amounts of measure-
ments.

This proposed imaging method is then applied for
concealed-object detection. Two kinds of steel specimens with
different covers are laboratory-made. One specimen is a steel
covered by the concrete, and the other is two steels covered
by a packing box. Both the simulations and experiments are
conducted the signal in the 30 GHz - 35 GHz bandwidth.
The results demonstrate that this proposed algorithm can
provide a good azimuth-range imaging profile, and verify its
effectiveness for MMW sparse imaging.

The remainder of this paper is organized as follows.
In the next section, the MMW imaging system is presented.
In section III, the SRMA based on atomic norm minimization
is introduced in detail. In section IV, we provided the numer-
ical simulation and clear experimental results to verify the
effectiveness of the proposed algorithm. Finally, the conclusion
is drawn in section V.

II. MMW SPARSE IMAGING SYSTEM

The diagram of the considered MMW near-field imaging
system is shown in Fig. 1. The transceiver is mounted on a
linear trail, which locates in a short range from the specimen.
The motion trajectory of the transceiver is linear and parallel
to the X-axis. In this paper, we focus on the azimuth and
range dimensions of the targets, and thus only XOY plane is
concerned.

Let (x ′,−R0) be a spatial sampling point of the transceiver,
and x ′ ∈ [Lx/2, Lx/2], where Lx denotes the observation
aperture length in azimuth dimension and R0 indicates the
distance between the observation plane and the target.

The transceiver emits stepped-frequency (SF) signals, and
its p-th transmitted signal is

sp (t) = e j2π f pt (1)

where f p is the operating frequency, and f p = f0+(p−1)� f ,
f0 and � f denote the starting frequency and the frequency
step, respectively, p = 1, 2, · · · , P .

Letting a general scatterer on the targets be at position (x, y)
and with the complex reflection coefficient σ(x, y), the echo

Fig. 1. The diagram of MMW imaging system.

Fig. 2. Random down-sampling locations.

received at the position (x ′,−R0) and then it would be turned
to a zero IF signal by down conversion, i.e., I + j Q. The
corresponding receiving signal to the p-th frequency is shown
as

sp
(
x ′) =

∫∫

x,y

σ (x, y) e
j2π f p

(
t− 2R(x ′)

c

)

· e− j2π f pt dxdy

=
∫∫

x,y

σ (x, y) e− j2π f p
2R(x ′)

c dxdy (2)

where R(x ′) denotes the distance between the scatterer and
the transceiver, i.e., R(x ′) = √

(x − x ′)2 + (y + R0)2, and c
is the wave velocity.

For MMW sparse imaging, as Fig.2 shows, we take the
under-sampling samples as the partial entries of the fully
observed samples required by Nyquist theory. That is, at each
frequency point, the data obtained by spatially sampling the
signal (2) on densely uniform grids is denoted as sp,� =
[sp,1, · · · , sp,N ]T , where � denotes the location set of those
uniform grids in space, i.e., � = {1, 2, · · · , N}, and N denotes
the number of full data set at each frequency. Such that sp,n

is observed if and only if n ∈ �, and each entry sp,n is
expressed as

sp,n

=
∫∫

x,y

σ (x, y) e− j2kp

√
(x−(n−1)·dx+Lx /2)2+(y+R0)

2
dxdy (3)

where k p denotes the wave number, kp = 2π
f p
c , dx denotes

the sub-wavelength sampling interval of the observation aper-
ture in X-dimension, and Lx = (N − 1)dx .
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Algorithm 1 Classical RMA [26].
Input:

Receive zero-IF echo over the frequency and spatial
domains, sp(x ′), p = 1, · · · , P , x ′ ∈ [−Lx/2, Lx/2];

Output:
1: Take the spatial 1-D Fourier-transform of sp(x ′) along x ′

to form the angular spectrum at each frequency,

z
(
kx , k p

) =
∫

x ′
sp(x ′)e− j kx x ′

dx ′ (5)

where kp denotes the wave number, k p = 2π
f p
c , and kx is

the wave-number component in the X-dimension.
2: Apply the phase compensation to the angular spectrums

based on the method of stationary phase,

z
(
kx , k p

) = z
(
kx , k p

)
e− j ky R0 (6)

where ky denotes the wave-number component in the Y-

dimension, and ky =
√

4k2
p − k2

x .

3: Turn the non-uniform z
(
kx , ky

)
to uniform ż

(
kx , ky

)
by

Slot interpolation.
4: Take the 2-D inverse FT of ż

(
kx , ky

)
to achieve the

imaging

σ̂ (x, y) =
∫∫

kx,ky

ż
(
kx , ky

)
e j kx x e j ky ydkxdky (7)

5: return σ̂ (x, y).

When allowing spatially down sampling, it is assumed that
� is sampled at random. For convenience, we define the
location subset of � as L. That is, L ⊆ �. Then, it yields a
data subset as

sp,L = PL � sp,� (4)

where � denotes the Hadamard product, PL is the projection
operator of the size the same as sp,�, denoting the orthogonal
projection of sp,� onto the subspace of vectors determined
by L. Specifically, the n-th entry of PL equals 1 if n ∈ L,
or equals 0, otherwise. It is found that PL vanishes the entries
outside L.

III. SPARSE RANGE MIGRATION ALGORITHM

By collecting the echoes over all the spatial sampling
positions and all the frequency samples, the classical RMA
according to (2) is shown in detail in Algorithm 1 [26].
Because RMA assumes fully observed uniformly-spaced spa-
tial samples for imaging, the short wavelength of MMW
leads to the significant cost increase of data acquisition.
Therefore, inspired by the low-rank MC, we propose to adopt
the under-sampling in space to allow reducing the amount of
measurement data far below its Nyquist required quantities.

Therefore, by collecting the spatially undersampled echoes
from all the transmitted SF signals, the SRMA is given in
detail in Algorithm 2. It is obvious from (11) to observe that
the under-sampling in spatial X-dimension can be equivalently

Fig. 3. Imaging performance in light of azimuth resolution, K = 2,
ρx = 1.78cm.

Fig. 4. Atomic-norm minimization performance for reconstructing wavenum-
ber samples for the letter W case, K = 9.

Fig. 5. Numerical simulation results of the letter W. (a) RMA, full data.
(b) SRMA, random sampling with 70% of full data.

converted to that in the corresponding wavenumber domain.
Also, the semi-definite programming (SDP) can be used to
solve this atomic-norm minimization, which has a much
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clearer form as

min
z,T,u

1

2
tr(T) + 1

2
u

s.t .

[
T z
z∗ u

]
≥ 0, PL � z = z̄p,L (8)

where T is a Hermitian matrix, and u > 0 (see [6] for more
information).

Algorithm 2 Sparse RMA.
Input:

Receive zero-IF echo over the frequency and spatial
domains, sp,L, p = 1, · · · , P;

Output:
1: Take the 1-D non-uniformly discrete Fourier-transform

of sp,L to form the discrete angular spectrum at each
frequency,

z̄(p, l) =
∑

n∈L
sp,ne

− j kx (l)
(
(n−1)·dx− Lx

2

)

(9)

where z̄(p, l) denotes the wavenumber sample correspond-
ing to the p-th frequency and the n-th spatial sampling
location, kx(l) = l · �kx , l ∈ L, �kx = 2kx,max/N , and
kx,max denotes the wavenumber span in X dimension;

2: Apply the phase compensation to the under-sampled angu-
lar spectrums,

z̄(p, l) = z̄(p, l)e− j ky(p,l)R0 (10)

where ky(p, l) =
√

4k2
p − k2

x(l).
3: At each frequency point, take the atomic norm on z̄p,L to

achieve matrix completion,

min ‖z‖A
s.t . PL � z = z̄p,L (11)

where ‖·‖A denotes the atomic norm, z̄p,L ∈ CN×1

denotes the vector of the stacked wavenumber samples
at the p-th frequency point, and its l-th entry takes the
value of (10) if l ∈ L and otherwise, takes the value
of 0. The solution of (11) is denoted as ẑp , and ẑp =
[ẑ(p, 1), · · · , ẑ(p, N)]T which indicates the reconstructed
full-sampling wavenumber samples.

4: Similarly to Algorithm 1.3, insert the non-uniform ẑ(p, n)
to a uniform form ẑ(p′, n′) by Slot interpolation, where
ẑ(p′, n′) is wavenumber samples located on uniform grid
of (kx , ky).

5: Similarly to (7), take the 2-D inverse FT of ẑ(p′, n′) to
achieve the imaging.

6: return σ̂ (x, y).

In (10), kx,max is the maximal expansion of wavenumber
domain in X-dimension and usually can be computed as
kx,max = 2k0 sin(

θe f f
2 ), k0 = 2π f0

c , where the f0 is the central
frequency of the bandwidth signal, θe f f = min

{
θ3d B, θspan

}
,

θ3d B and θspan denote the 3 dB beamwidth of the adopted
antenna and the spanned aperture angle by aperture length,
respectively. Then, assume that there are K scatterers in the

Fig. 6. MMW-based experimental system. (a) Photograph of the MMW-based
experimental system. (b) Photograph of horn antenna and its radiation pattern.

scene. According to the Theorem I.1 in [6] and (10), we would
similarly have that

Proposition 1: If the azimuth distance between any two
scatterers is greater than 2π

2kx,max /4 , then for

|L| � C max

(
log2 N

δ
, K log

K

δ
log

N

δ

)

with a numerical constant C, the reconstruction in (11) suffices
for a good recovery performance with probability at least 1-δ,
where | · | computes the entry number of a set.

The proof is seen in Appendix I.

IV. SIMULATIONS AND EXPERIMENTS

The first simulation is conducted to validate our imaging
method and to evaluate the performances of the proposed
algorithms. The simulation frequency ranges from 30 GHz
to 35 GHz with 5 GHz bandwidth, the number of frequency
points is P = 80. The range distance R0 is set as 25 cm. The
synthesized aperture length is Lx = 30 cm, and the interval
of sampling elements is dx = 4.5 mm. Such that the number
of full spatial samples at each frequency point is N = 71.
Therefore, by letting the azimuth resolution and the range
resolution be denoted as ρx and ρy , respectively, they can
be computed as

ρx = π

kx,max
= 1.78 cm, ρy = c/2B = 3 cm
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Fig. 7. Photograph of the specimen of one steel.

Fig. 8. Comparison between the reconstructed ẑp by atomic-norm mini-
mization i.e., (11) and its corresponding full data zp , i.e., (6) at frequency
32.5 GHz. (a) Real part. (b) Imaginary part.

where kx,max = 2k0 sin
(

θe f f
2

)
, k0 denotes the wavenumber at

the center frequency 32.5 GHz, θ3d B = 30o and θspan =
2tan−1

(
Lx/2

R0

)
= 62o [26], [27].

The proposition 1 implies a quantitative amount denoting
the reduced samples which can be estimated through a numer-
ical way for the discrete objects case. However, considering
the difficulty to get the prior of the number of scatterers
in practice, here we numerically show the relationship of
the imaging performance with respect to the actual number
by examining the X-dimensional resolution. In Fig.3, there
are two scatterers (i.e., K = 2) with the same range and
the varying X-dimensional distance, which is denoted as
�x . The estimation error is computed in an absolute way

Fig. 9. Imaging results for the specimen of reinforced concrete wall.
(a) RMA, full data. (b) SRMA, random sampling with 70% of full data.
(c) SRMA, random sampling with 60% of full data. (d) Zoom in of (c).

as
2∑

k=1

∣
∣xk − x̂k

∣
∣. The comparison among the SRMA with

different size of subset indicates that in the current case
when the subset contains about 70% of full data, the imaging
performance can be stable. Besides, the Proposition 1 implies
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Fig. 10. Photograph of the specimen of two steels.

that the resolution in X dimension would be degraded by the
extra constant of 4. Even though, we can numerically have
that the azimuth resolution can be better. Fig. 3 numerically
illustrates that the imaging performance by SRMA can be
consistent with RMA when the distance �x increases over
2.5 times of ρx .

Furthermore, for the multiple scatterers simulation of a
letter W, as Fig. 4 shows, there is K = 9. With the
aforementioned parameters, the reconstruction performance
by equation (11) is examined in terms of root-mean-square
error (RMSE), i.e.,

√√
√
√ 1

P

P∑

p=1

∥
∥zp − ẑp

∥
∥2

2

where zp denotes the stacked wavenumber samples at the p-th
frequency in the case of full data, and the ratio is computed
as the entry number of the sub-position set L over that of
the full-position set �. Fig. 4 shows that when the subset
increases to about 70% of the full data under the condition of
SNR = 10 dB, the matrix completion in wavenumber domain
can get the reconstruction performance similar to the noiseless
case. Then, the imaging performance comparison between
SRMA and RMA is illustrated. It is found from Fig. 5 (b)
that given a subset of samples, SRMA is able to achieve the
imaging performance comparable with that obtained by RMA
with full samples.

The proof-of-principle experiment of MMW imaging sys-
tem is developed in the 30 GHz-35 GHz band, as Fig. 6 (a)
shows. A MMW vector network analyzer (VNA) is taken as
the broadband heterodyne transceiver to couple the MMW
signal into the transmitting horn and to exact the return wave
from the receiving antenna for imaging. Two horn antennas
are mounted next to each other on a linear trail to simulate a
monostatic scanning. The radiation pattern and the photograph
of antenna are shown in Fig.6 (b), where the 3 dB beamwidth
at frequency 32.5 GHz is about 30o and the y-axis label shows
the measured amplitude of S21 parameter. All the involved
parameters are the same as that in simulation. The output
power of VNA is limited and is about 8 mW. The echo SNR
of VNA is about 10 dB. Specimen’s position is not far from

Fig. 11. Imaging results for two steels covered by a packing box. (a) RMA,
full data. (b) SRMA, random sampling with 70% of full data. (c) SRMA,
random sampling with 60% of full data.

the antenna’s aperture, i.e., R0 = 20 cm, and the trail length
is L = 30 cm.

The first target is a laboratory-produced steel specimen,
shown in Fig.7. The cover of the steel is mainly composed of
cement and sand with ratio of one to two, and the specimen
dimension is 12.5 cm×12.5 cm×12.5 cm. The cylindrical steel
reinforcement has a diameter of 3 cm, in which the distance
from its center position to the test front surface of the spec-
imen is 2.2 cm. The reconstruction of wavenumber-domain
samples, i.e., (11), is firstly examined. Fig. 8 compares the
reconstructed wavenumber samples of ẑp by equation (11)
in SRMA and the wavenumber samples of z(kx , k p) by
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equation (6) in RMA. The actual number of spatial samples
used in (11) is 70% of the full data set. Obviously, it shows that
atomic-norm-minimization based MC technology can achieve
a high-performance reconstruction of data. The imaging results
are shown in Fig. 9 (a), (b)and (c), which verify that MMW
near-field imaging system can provide the capability of the
steel reinforcement imaging. In Fig. 9 (d), four positions
cursors are given, from which the size of the specimen and the
depth between the steel and the concrete cover can be roughly
estimated as 13.5 cm and 2.54 cm, respectively. Although not
exactly matched with the true locations, due to the possible
factors such as the expansion of the point spread function,
the depth smaller than the range resolution, the multiple path
effective between the steel and concrete cover and so on, these
two estimated values are reliable.

To further verify the feasibility of our algorithm for the
MMW imaging of multiple targets, two steels placed inside a
paper box are used as the other specimen for the experiment,
shown in Fig.10. The distance between the two steels is
about 7 cm in azimuth and 5 cm in range direction. Similar
to the experiment above, the imaging results are shown in
Fig. 11(a), (b) and (c). Obviously, the front surface of the
packaging box with a length of 20 cm is estimated at the
position of 10 cm in range dimension, while the steel which is
closer to the antenna is estimated as 17 cm in range dimension,
since then the relative distance is exactly 7 cm, just as the real
setup. Furthermore, as Fig. 11(c) shows, two position cursors
indicate the location of two steels and also illustrate that the
relative position between them are consistent with the reality.

In short, compared with the results by classical RMA
through full sampling by Nyquist law, the proposed SRMA
can maintain a comparable imaging performance with reduced
measurements. Both the two experimental results show that
the proposed method can brings a huge reduction in practical
sampling for the MMW imaging application.

V. CONCLUSION

This paper has proposed a SRMA method by coupling
the atomic-norm-minimization-based matrix completion tech-
nique and RMA for MMW sparse imaging. It allows the
under-sampling in space to break out the limitation of Nyquist
law for the reflectivity profile reconstruction. The experiments
have been conducted on concealed objects detection, and two
laboratory-made specimens with steel are taken as the imaging
objects. Then, the results have confirmed the feasibility and
effectiveness of the proposed MMW sparse imaging method.
Although the use of atomic-norm-minimization makes the
sample reduction by only one third or so, the proposed
algorithm improves the classical RMA in dealing with the
under-determined imaging problem and expands its applica-
tions into MMW sparse imaging. Especially in the case of
the MMW band, due to the great difference between the short
wavelength and common size of objects, this method can still
play an important role to reduce the signal acquisition cost
and to simplify the operation complexity in some situations.
Furthermore, this method can be expanded into 3-D imaging
cases by adopting the 2-D scanning mechanism and the 2-D

matrix completion technology in the detection of concealed
target, which will be studied in future work.

APPENDIX I
PROOF OF PROPOSITION 1

Theorem 2 [6]: Suppose we observe the signal

x∗
n =

K∑

k=1

cke j2π fkn, n = 0, . . . , N − 1

with unknown frequencies { f1, · · · , fK } ⊂ [0, 1] on an index
set T ⊂ {0, · · · , n − 1} of size m selected uniformly at
random. Additionally, assume sign (ck) := ck/|ck| are drawn
i.i.d. from the uniform distribution on the complex unit circle
and

� f = min
k1 �=k2

∣
∣ fk1 − fk2

∣
∣

where the distance | fk1 − fk2 | is understood as the
wrap-around distance on the unit circle. If � f � 1

[(N−1)/4] ,
then there exists a numerical constant C such that

m � C max

{
log2 N

δ
, K log

K

δ
log

N

δ

}

is sufficient to guarantee that we can recover x∗ and localize
the frequencies via a semidefinite program with probability at
least 1-δ with respect to the random samples and signs.

With respect to the signal in (10), it can be simplified in a
more enlightening way by stationary phase method such as

z̄ (p, l) =
K∑

k=1

σke− j kx (l)xk− j ky (p,l)yk (12)

where kx(l) and ky(p, l) denote the l-th X-dimensional and the
(p, l)-th Y-dimensional wavenumber component, respectively.
Due to the data reconstruction occurs at each frequency, that
is, at the p-th frequency, (12) can be expressed as a function
of variable l

z̄ p (l) =
K∑

k=1

σ̃p,ke− j kx (l)xk (13)

where σ̃p,k ≈ σke− j ky (p,l)yk , kx (l) = 2kx,max
N l, l ∈ L, and

kx,max denotes the wavenumber span in X dimension.
The exponential term in (13) can be rewritten as kx (l) xk =

2π
2kx,max

2π N xkl. If the atomic-norm-minimization (11) can recon-
struct the full-sampling wavenumber data ẑp from |L| sam-
ples, i.e., z̄ p (l) selected at random on the index �, according
to the Theorem 2, it requires that

min
k1 �=k2

2kx,max

2π N

∣
∣xk1 − xk2

∣
∣ � 1

(N − 1) /4
(14)

Then for rather great N , N − 1 ≈ N holds, and we can have
a concise form of (14) as

min
k1 �=k2

∣
∣xk1 − xk2

∣
∣ � 2π

2kx,max/4

Therefore, combining Theorem 2, the Proposition 1 can be
proven.
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