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We investigate the influence of slanted guiding layer on reflection curves and sensitivity for air-gap optical waveguide
structures. The theoretical analysis method is based on the interference between multiple light beams in the slanted
guiding layer. The main relative characteristics of reflection curves and sensitivity as a function of inclination angle of
slanted air-gap have been demonstrated in detail for symmetrical metal-cladding waveguide (SMCW) and Fabry—Pérot
(FP) system. Results show that the sensitivity of SMCW with millimeter air-gap is more influenced by inclination angle
than that of FP system. When inclination angle is larger than 10 urad, the reflection curve shows serious distortion for

all waveguide configurations.
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1. Introduction

Attenuated total reflectance (ATR) is a well-established
technique for the excitation of optical surface modes,
which was based on the method of frustrated total
reflection presented by Otto for the first time [1]. The
simplicity and the high sensitivity of ATR have allowed
researchers to develop a variety of sensors for diverse
applications [2]. Recently, researchers have found that
using the ATR method the ultrahigh order-guided
modes can be excited in symmetrical metal-cladding
waveguides (SMCWs) which have much higher sensi-
tivity than ordinary Fabry—Pérot (FP) system [3—6]. For
optical intensity measurement based on the ATR tech-
nique, some important additional factors such as optical
beam’s diameter and surface roughness which may
result in ATR profile distortion have been fully
discussed [7-9]. Moreover, for sensors based on
SMCW structure in the real situation, the sample cell
or air-gap which serves as the guiding layer of the
waveguide sensor is sealed by a spacer sandwiched
between two gold films that are deposited on glass
substrates/prism. The thickness of the guiding layer is
governed by the thickness of the spacer [3,6]. So the
top and bottom interfaces of the guiding layer cannot
be treated as ideally parallel to each other due to the
difference of stress on spacers. Thus the influence of
slanted guiding layer should be taken into consideration
for quantitative results. However, for slanted guiding
layer, the phase velocity of the in-plane incident
wave cannot match the velocity of an optical-guided

mode. As a consequence, the reflected power as a
function of the angle of incidence does not follow the
Fresnel reflection coefficient exactly. In this paper, we
analyze the reflection curve distortion on optical
waveguide with the slanted guiding layer. To calculate
the reflectivity by considering the slanted guiding layer,
we use the recently established theory [10,11] which
shows that the physical mechanism of ATR is optical
tunnel effect resulting from the interference between
multiple reflections inside the slanted guiding layer.
Then the influence of the slanted guiding layer on
reflection curves and sensitivity is evaluated for differ-
ent air-gap waveguide -configurations: SMCW with
different air-gap thicknesses (1000 and 108 um) and tra-
ditional FP system. Our results can also be expanded to
analyze the Goos—Hénchen effect in slanted waveguide
systems both in optical [12—15] and terahertz [16-18]
range.

2. Theoretical model

We consider the case of the typical four-layer system.
The guiding layer is sandwiched by the thin coupling
layer and the substrate which acts as the reflecting panel.
By employing the Fresnel formulas, one can write the
reflectivity R as [5]

| ri2 + raza exp(2iras) 2

o 1+ r127234 exp(2iic2s)

R(0:) (D

with
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here, s and d are the thicknesses of the coupling layer
and guiding layer, and r; is the complex Fresnel reflec-
tion coefficient for the boundary between media i and
j. n; and x; are the dielectric permittivity and the nor-
mal component of the wave vector at media i, respec-
tively. Subscripts 1, 2, 3, and 4 refer to the dielectric
layer, the coupling layer, the guiding layer, and the
substrate, respectively. ky=2n/A is the wavenumber in
vacuum and S is the propagation constant of the guided
modes.

Now we consider the case of the slanted guiding
layer with plane surface inclined at a small angle ¢, as
schematically drawn in Figure 1. Suppose the wave is
incident at the angle 6. At the first surface, this wave is
divided into two parts, one reflected with amplitude A4,
and the other transmitted into the guiding layer with the
angle of refraction 0, and propagation constant ;. The
latter wave is incident on the second surface at angle ¢,
and is thereby reflected back into the guiding layer. The
process of division of the wave remaining inside
the guiding layer continues as indicated in the Figure 1.
The parameter 6, is the corresponding angle of the nth
reflected light at the top surface; ¢, is the incident angle
of the nth incident light at the bottom surface; d, is the
thickness of the guiding layer at the bottom position of
the nth incident point; /,r is the length from the nth
reflected point at the top surface to the nth reflected
point at the bottom surface in the z direction, and /,, is
the length from the nth reflected point at the bottom

Figure 1. Interference model of laser beams in four-layer
system with slanted guiding layer. (The colour version of this
figure is included in the online version of the journal.)

surface to the (n+ 1)th reflected point at the top surface
in the z direction. According to the geometrical optics
rules, the 6,, ¢, 1,5 and d, can be expressed as:

0, =0, —2(n—1)¢ “)
¢, =0,—¢ (5)

by = dytan0, (6)

Ly =d,_1tan0, (7)
_ 7“’50315 fp‘:s ¢4 @®)

where d is the thickness of the guiding layer at point O.
The vertical and horizontal wave vectors of the nth
reflected light are defined as

ﬁn = k0n3 sin Hn (9)

(x3), = kons cos 0, (10)

Let 4 be the complex amplitude of the electric vector of
the incident wave and the complex amplitude of the
reflected light in 1st-, 2nd-, and 3rd-order numbers 4,
A, and A5 can be expressed as:

Ay = Ari23(0p) (11)

Ay = At123(0o) - expli((x3) K3),)di] - r3a(y)
b (02) - expli(B Ly +ﬁ212b)]
P explipy (hy + L))

(12)

As = Aty23(0p) - expli((x3
+r321(02) - expli((re3
(B

“t321(03) - expli

K3)y)d1] - r34( @)
K3)3)da] - r34( )
llf + ﬁzlzb)] _expli(Balay + Bl
explifs (br + )]
(13)
where the reflection and transmission coefficients 7351,
123, 34, t123, and f35; are obtained as [10].
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If we define r3,1(6,) = 1, for n>2, A4, can be obtained
from the following recurrence formula:

A, = At123(0) - |J B] t321(0,) (18)

where

B; =r31(0)) - exp [i((l@)j + (K3)j+1>dji| “134(0;)
' eXP[i(ﬂjljf + ﬁj+ll(j+l)b)]
exp i1 (b + L)) (19)
= r321(0;) - r34(9;)
cexp[i((), + (20 ) + 8 = Byl

Instituting Equations (4)—(10) into Equation (19), we can
obtain

B; = r31(0;) - r3a(¢p;) - explirsd - (cos2¢ + sin2¢ tan 0; + 1)]
(20)

In searching for an illustrative interpretation of the dip in
the reflectivity, one thus naturally arrives at the concept of
destructive interference of light beams reflected from the
various interfaces of the film system of interest. The nth
electric field of the nth reflected light can be found as

E, = A, exp(if,z) @21

The overall reflected field is the sum of all superposed

field:
E=) E, =) Ayexp(if,2) (22)

Then reflectivity can be obtained

L|A| / ZEHZET,dz
L|A|/ZZAA expli(B, — f)z)d=

After integration, we can get:

. €X N L) — 1
(ZAA 3N 4.4, p(/; im))) )

n m#n

(23)

24)

where L is the length of the multiple reflected regions in
the z direction.

To illustrate the reliability of our result, we consider
the example for incident light with a parallel guiding
layer, i.e. ¢=0. The amplitude of every sub-reflected
light is obtained as:

Ay = Arin (25)

Ay = At1p3 - t331 - 134 - exp(i2k3d) (26)

A, =At123 - 31 - 134 - exp(i2K3d) (27)
. {l"321 c 1340 exp(i2lc3d)}"72 n>?2

The reflectivity Equation (20) can be simplified as

_ ﬁZA >4, 28)

Through simple algebraic manipulations, we can get the
the conventional reflectivity as described in Equation (1).
Note that the new form of the amplitude reflectivity, by
one introducing a slanted guiding layer, applies not only
to four-layer system but also to multi-layer waveguide
with the slanted guiding layer.

3. Results and discussion

In this section, we give some quantitative results for
reflection curves and their first differentials (sensitivity)
for different values of the inclination angle. For the calcu-
lations, we considered two typical air-gap waveguide
configurations: SMCW with different air-gap thicknesses
(d=1000 and 108 um) [3] and ordinary FP system
(d=1000 pm). For SMCW, the thickness of the bottom
gold film (substrate) is thick enough (400 nm) to serve as
the reflected panel. However, we choose for this thickness
also a 40 nm layer which is the same as the upper gold
film (s =40 nm) in principle a FP system is obtained. The
other parameters are as follows: A=650nm, n;=1.73

Reflectivity

[ 1 A
997 9.98 9.99 10.00

ool i A N i
9.95 10.00 10.05 10.10 10.15
Incident angle (Deg)

Figure 2. Plot of reflectivity as a function of incident angle
for inclination angle ¢=0, 1, 2, 5, 10 purad with different wave-
guide structures: (a) FP system; (b)) SMCW with d=1000 um;
(¢) SMCW with d=108 um. The waveguide parameters are as
follows: =650 nm, n, =1.73 (glass prism), &, = n?=—11+1.0
i (gold film), n;=1 (air gap), ngy=n,, s=40nm (by use of
Equation (24)). (The colour version of this figure is included in
the online version of the journal.)
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(glass prism), &, =n,>=—11+1.0 i (gold film), ny=1 (air
gap), ng=n,, s=40nm, and L =10 mm.

Figure 2 shows the reflectivity R as a function of the
incident angle 6; for inclination angle ¢=0, 1, 2, 5, and
10 yrad for FP system and SMCW configuration with
d=108 and 1000 pum. Taking SMCW with d=108 um as
an example (Figure 2(c)), we focus on the dependence
of three main parameters of the curves (the synchronism
angle position gy, the value of minimum R, the full
width half maximum of the resonance dip FWHM) on
the inclination angle ¢. First, with increase of ¢, the
synchronous angle begins to shift towards the smaller
incident angle side. The position of the minimum is
shifted by 4, 7, 11, and 13 mrad for ¢ is 1, 2, 5, and
10 prad, respectively, from the position of an ideal non-
parallel waveguide (¢=0). Moreover, by increasing ¢,
the reflectivity at resonance dip rises. The reflectivity
minimum is approximately 6, 15, 28, and 35 times larger
than that for an ideal plane wave for the respective value
of ¢. Finally, the FWHM of the resonance curve is
0.0156°, 0.0182°, 0.0246°, 0.0516°, and 0.092° for the
respective values of ¢ is 0, 1, 2, 5, and 10 prad. It is
clear from Figure 2 that when ¢ is larger than 10 prad,
the reflection curve would dramatically disappear and
lose its characteristics.

(a) 0.014
0012}
0.010
g o008
= | —— FP system
13 L ]
g M8 —— SMCW with d=1000 ym
0.004 | —— SMCW with d=108 ym
0'002 —/”%:
0.000 : :
0 2 4 6 8 10
Inclination angle ¢ (urad)
c) o.10 .
{ ) | —— FP system
—— SMCW with d=1000 pm
0.08 | __ sMcW with d=108 um
® 006
z
0.04
=
w
=
0.02 |
0.00 - :
0 2 4 6 8 10

Inclination angle ¢ (urad)

For the purpose of comparison, we also calculate the
AOgyy, curves, the AR, curves, and the AFWHM curves
for FP system and different air-gap SMCW configura-
tions with the variation of the inclination angle ¢ from 0
to 10 prad, as shown in Figure 3(a)—(c). Here, the sym-
bol A represents the offset from the respective parameter
at ¢=0 in order to remove the differences of initial val-
ues. First, in Figure 3(a), we can see that the thinner air-
gap gives the larger Afg,, value at all values of ¢. The
reason is that the synchronism angle 0y, is determined
from the propagation constant of guided mode, which is
strongly dependent on the air-gap thickness d according
to the phase-matching condition for the coupling of radi-
ative modes to the guided mode near a resonance. For
the variation of d induced by ¢, the larger Afy, can be
obtained using a thinner guiding layer. In addition, for a
fixed d value (1000 um), Abg, of SMCW is slightly
smaller than that of FP system, which is due to the
energy coupling at both sides of thin metal films in FP
system. Second, Figure 3(b) shows that the curve for
AR i vs. ¢ of SMCW with d=108 um (blue line) coin-
cides with that of SMCW with d=1000 um (red line),
owing to the fact that R,;, can be expressed as [(1 — #)/
(1+#))? and is independent with d (here 7 =Im(4")/Im
(ABY, where Im(5°) and Im(ABY) represent intrinsic

(B) o7
0.6}
05+
_ 04t
£ |
% o03f
[ —— FP system
0.2+ —— SMCW with d=1000 um |
0l —— SMCW with d=108 ym |
0.0 " - - :
0 2 4 6 8 10

Inclination angle ¢ (urad)

(d) 16000 ¢

14000 |

12000 | —— FP system .
— ; —— SMCW with d=1000 um
g 10000 | —— SMCW with d=108 ym |
= 8000
—= 000 -
Q i

4000
2000

0 . . .
0 2, 4 6 8 10
Inclination angle ¢ (urad)

Figure 3. Main characteristics of reflection curves as a function of inclination angle ¢ for different waveguide configurations: (a) the
relative position of the minimum, (b) the relative value at the minimum, (c) the relative FWHM of curves, (d) the absolute maximum
of the sensitivity S;. (The colour version of this figure is included in the online version of the journal.)
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damping and radiation damping, respectively, and their
expressions can be found in [19]). Moreover, the values
Rinin of SMCW is larger than those of FP system (black
line) at all values of ¢ in Figure 3(b), because the energy
of the incident light will leak from the bottom metal
layer which causes the reflected light intensity to
decrease in FP system. Third, from Figure 3(c¢) we can
see that the larger AFWHM for SMCW can be obtained
using a thinner guiding layer (108 pm) with the variation
of ¢. This is because FWHM is determined by wave-
guide loss. The smaller the air-gap thickness, the larger
the loss, and the broader the FWHM.

The sensitivity S;, which is defined as the first differ-
ential dR/df (as expressed in Equation (1) of [3]), is a
key parameter to evaluate the performance of the sensor.
As a final numerical result, we compare the dependence
of absolute maximum sensitivity |S|max on ¢ with differ-
ent waveguide configurations, as shown in Figure 3(d).
Several remarks can be made about the evolution of
|S1|max relative to ¢@. First, |Simax Clearly decreases as an
increasing ¢. |Sy|max for SMCW with d=108 um (blue
line) decreases 27, 55, and 82% when compared with
that of a non-parallel waveguide for ¢ of 1, 2, and
5 prad, respectively. These decrements of the |S1|max Will
affect, in the same proportion, the maximum sensitivity
of air-gap displacement sensor because it is proportional
to [Silmax- It is worth noting that the largest value
of |Si|max for SMCW with d=1000 um (red line) can be
obtained. According to the dispersion equation of ultra-
high-order modes in an SMCW [19], the mode number
is proportional to the air-gap thickness d. Since the
FWHM of the reflection dips decreases as the mode
number increases (see Figure 3(c)) and a small FWHM
value is expected for achieving higher sensitivity, the
sensitivity for SMCW with d=1000 pm is larger than
that with d=108 um. Additionally, the sensitivity of
SMCW with d=1000 um decreases faster than that of
FP system. When ¢ >4 prad and d is fixed, the sensitiv-
ity curves of FP system (black line) and SMCW (red
line) almost overlap, indicating that SMCW has no
advantage in sensitivity. As a result, the inclination angle
represents a significant influence when high-resolution
air-gap displacement measurements are desirable or when
one aims to achieve the designed sensitivity of the dis-
placement sensor [3].

4. Conclusion

In conclusion, we focus on the effects of the slanted
guiding layer on the resonance curve and the sensitivity
of air-gap displacement sensors that are based on the
SMCW with different air-gap thicknesses and FP system.
A theoretical model based on the interference between

multiple reflections inside the slanted guiding layer is
built. We calculate the reflection curves and their first
differentials of the air-gap displacement sensor consider-
ing the slanted guiding layer. Results show that the incli-
nation angle of the guiding layer is a crucial parameter
in the reflection curve and sensitivity should be taken
into account in order to evaluate the sensitivity of high-
resolution displacement sensor.
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