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a b s t r a c t

Different from the traditional single-function electromagnetic wave rotators (rotate the electromagnetic wave-
fronts), we propose that rotating medium can be extended to optical illusions such as breaking the diffraction
limit and overlapping illusion. Furthermore, the homogeneous but anisotropic rotating medium is simplified
by homogeneous and isotropic positive-index materials according to the effective medium theory, which is
helpful for future device fabrication. Finite element simulations for the two-dimensional case are performed
to demonstrate these properties.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Transformation optics (TO), proposed by U. Leonhardt and J. B.
Pendry, respectively [1,2], is one of the most well-known theories
to manipulate electromagnetic waves. One important application is
the invisible cloak. In recent years, many kinds of cloaks, such as
cylindrical cloak, square cloak, elliptic cloak, arbitrary shaped cloak,
cloak of twisted domain, open cloak, the general open-closed cloak,
complementary cloak, and so on have been theoretically studied [3–16].
Meanwhile, experimental verifications of invisible cloaks ranging from
microwave to visible frequency have been also reported [17–23]. Be-
sides the application of invisible cloak, TO can also be applied to design
other kinds of devices, i.e., beam splitter, high-directional emission,
electromagnetic black-hole, super-scatterers, tunable electromagnetic
gateways, overlapped optics, etc. [24–36].

Recently, Chen and Chan have proposed electromagnetic waves (EM)
rotator, where electromagnetic fields were rotated for a fixed angle, can
give rise to a rotated world to the observers inside/outside the rotation
coating [37]. Subsequently, the cylindrical micro-wave field rotators
were experimentally realized. But the proposed of EM rotators suffered
from the complex and inhomogeneous material parameters [38,39].
Then, Han et al. proposed a polygonal rotator with homogeneous,
nonmagnetic, and isotropic materials, which is more feasible for future
realization [40]. Up to now, all of the reported rotators mainly focused
on one specific function—rotating the EM wavefronts. In other words,
researchers usually think that EM rotator just provides only single
function of rotating. Does it has any other kinds of functions or can
we develop other new types of functions based on EM rotator?
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Here, we have proved that EM rotator can be applied to realize
optical illusions such as breaking the diffraction limit and overlapping
illusion, simultaneously. This means that EM rotator can not only rotate
the EM wavefronts but also be extended to break the diffraction limit
and overlapping illusion, resulting in a multi-functional (tri-functional)
device. Furthermore, based on the effective medium theory, we simpli-
fied the transformation medium, which is isotropic but homogeneous
with positive permittivity and permeability. All of the functions of EM
rotator are demonstrated by using the two-dimensional finite element
simulation. We want to emphasis that in traditional case, the effects
of (TO-based) breaking diffraction limit and overlapping illusion can’t
be realized simultaneously in just one transformation device. That is to
say, two different kinds of transformation medium i.e., complementary
medium and shifting/compression medium [29,32,35] are needed to
realize these two physical phenomena. In this paper, we mainly demon-
strate that the positive-index rotating medium is designed to realize the
effects of breaking the diffraction limit as well as overlapping illusion,
simultaneously.

2. Theory

Fig. 1 schematically depicts the structure of a pentagon EM rotator
in the cartesian coordinate system. Each side region consists of two
triangles, embedded with different transformation medium. Here, the
function of our pentagon EM rotator is to rotate the wavefronts and keep
itself invisible. So, we must keep the outer boundary unchanged but
rotate the inner boundary. The external triangle 𝛥𝑎′𝑖𝑎

′
𝑖+1𝑏

′
𝑖 and internal
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Fig. 1. Schematic of pentagon electromagnetic wave rotator. (a) real space; (b) virtual space; the red (blue) region in (a) is mapped into the red dash line (blue dash line) region in (b).
(c) and (d) are the corresponding coordinate mapping between region 𝑎1𝑎2𝑏2𝑏1 and 𝑎′1𝑎

′
2𝑏

′
1𝑏

′
5: region 𝑎1𝑎2𝑏2 (𝑎1𝑏2𝑏1) is mapped into region 𝑎′1𝑎

′
2𝑏

′
1 (𝑎′1𝑏

′
1𝑏

′
5). The coordinate mapping of the

other regions in (a) and (b) is the same as (c) and (d). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

triangle 𝛥𝑎′𝑖𝑏
′
𝑖𝑏

′
𝑖−1 in virtual space are mapping into 𝛥𝑎𝑖𝑎𝑖+1𝑏𝑖+1 and

𝛥𝑎𝑖𝑏𝑖+1𝑏𝑖in real space, respectively [37]. Taking the region 𝑎1𝑎2𝑏2𝑏1as
an example, the corresponding coordinate mapping between the virtual
space and real space is by transforming 𝛥𝑎′1𝑎

′
2𝑏

′
1 and 𝛥𝑎′1𝑏

′
1𝑏

′
5 in virtual

space into 𝛥𝑎1𝑎2𝑏2 and 𝛥𝑎1𝑏2𝑏1 in real space with the point-to-point
mapping as follows:

⎧

⎪

⎨

⎪

⎩

𝑎1 ↔ 𝑎′1
𝑎2 ↔ 𝑎′2
𝑏2 ↔ 𝑏′1

,

⎧

⎪

⎨

⎪

⎩

𝑎1 ↔ 𝑎′1
𝑏2 ↔ 𝑏′1
𝑏1 ↔ 𝑏′5

.

The general expression of the 𝑖th vertex in Fig. 1 can be defined as:

𝑥𝑎𝑖 = 𝑎 cos
[

(𝑖 − 1) 2𝜋∕5
]

,

𝑦𝑎𝑖 = 𝑎 sin
[

(𝑖 − 1) 2𝜋∕5
]

,

𝑥𝑏𝑖 = 𝑏 cos
[

(𝑖 − 1) 2𝜋∕5
]

,

𝑦𝑏𝑖 = 𝑏 sin
[

(𝑖 − 1) 2𝜋∕5
]

,

(1)

where 1 ≤ 𝑖 ≤ 5, and 𝑎(𝑏) is the corresponding distance between the
center of the device and 𝑎𝑖(𝑏𝑖).

For the external triangles, the corresponding coordinate transforma-
tion is expressed as:

𝑥 = 𝑚1𝑥
′ + 𝑚2𝑦

′ + 𝑚3,
𝑦 = 𝑛1𝑥

′ + 𝑛2𝑦
′ + 𝑛3,

𝑧 = 𝑧′,
(2)

where
[

𝑚1
𝑚2
𝑚3

𝑛1
𝑛2
𝑛3

]

= 𝐴−1

[

𝑥𝑎𝑖
𝑥𝑎𝑖+1
𝑥𝑏𝑖+1

𝑦𝑎𝑖
𝑦𝑎𝑖+1
𝑦𝑏𝑖+1

]

, and 𝐴 =

[

𝑥𝑎𝑖 𝑦𝑎𝑖 1
𝑥𝑎𝑖+1 𝑦𝑎𝑖+1 1
𝑥𝑏𝑖 𝑥𝑏𝑖+1 1

]

.

For the internal triangles, the corresponding coordinate transforma-
tion can be written as:

𝑥 = 𝑝1𝑥
′ + 𝑝2𝑦

′ + 𝑝3,
𝑦 = 𝑞1𝑥

′ + 𝑞2𝑦
′ + 𝑞3,

𝑧 = 𝑧′,
(3)

where
[

𝑝1
𝑝2
𝑝3

𝑞1
𝑞2
𝑞3

]

= 𝐵−1

[

𝑥𝑎𝑖
𝑥𝑏𝑖+1
𝑥𝑏𝑖

𝑦𝑎𝑖
𝑦𝑏𝑖+1
𝑦𝑏𝑖

]

, and 𝐵 =

[

𝑥𝑎𝑖
𝑥𝑏𝑖
𝑥𝑏𝑖−1

𝑦𝑎𝑖
𝑦𝑏𝑖
𝑦𝑏𝑖−1

1
1
1

]

.

Actually, there are many kinds of coordinate transformations to
realize the mapping shown in Fig. 1. The forms in Eqs. (2) and (3)
are similar to quasi-conformal transformations like in [40–44]. There-
fore, the corresponding material parameters are not space variant, in
which, it can be realized by conventional materials such as uniaxial
crystal [45,46].

Based on the above equations, we deduce the expression of the
permittivity tensor and permeability.

For the external triangle (Fig. 1(a)):

↔
𝜀 𝑜𝑢𝑡𝑒𝑟 = 𝜀0

[

𝑚2
1 + 𝑚2

2 𝑚1𝑛1 + 𝑚2𝑛2
𝑚1𝑛1 + 𝑚2𝑛2 𝑛21 + 𝑛22

]

,

𝜇𝑜𝑢𝑡𝑒𝑟 = 𝜇0,
(4)

For the internal triangle (Fig. 1(a)):

↔
𝜀 𝑖𝑛𝑛𝑒𝑟 = 𝜀0

[

𝑝21 + 𝑝22 𝑝1𝑞1 + 𝑝2𝑞2
𝑝1𝑞1 + 𝑝2𝑞2 𝑞21 + 𝑞22

]

,

𝜇𝑖𝑛𝑛𝑒𝑟 = 𝜇0.
(5)

3. Numerical simulation and discussion

First, the functionality of the field rotating is demonstrated in
Fig. 2. The corresponding parameters are as follows: 𝑎 = 0.75 mm,
𝑏 = 0.5 mm and the frequency of the point source is 0.3 THz (the
corresponding wavelength (𝜆) is 1 mm). Fig. 2(a) depicts the magnetic
field distribution of a point source located at point 𝑏1 and covered with
transformation medium. Fig. 2(b) shows the corresponding magnetic
field distribution (in free space) of the identical point source located at
point 𝑏′5. Comparing with Figs. 2(a) and 2(b), both of them have the same
field distribution outside the rotator, although the field distributions
inside the rotators are totally different from each other. It means that
the point source located in point 𝑏1 (in the physical space of Fig. 2(a))
and coated with the transformations medium is virtually rotated into
point 𝑏′5 in the virtual space (with intersection angle of 𝛥𝑏′1𝑜𝑏

′
5 is 72◦),

demonstrating the rotating feature of our designed field rotator. When
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Fig. 2. The magnetic field distributions of a point-source embedded into the transformation medium (a) and free space (b), respectively. The magnetic field distributions of plane-wave
propagating from left side without object (c) and with a rectangle PMC (perfect magnetic conductor) (d) inside the region 𝑏1𝑏2𝑏3𝑏4𝑏5. (e) The equivalent magnetic field distributions of
(d), when the plane-wave is interacted with a rectangle PMC vertically located in the free space. (f) The corresponding far-field patterns of (d) and (e).

the plane-wave propagates from the left side and interacts with the
transformation medium, the magnetic field inside the region 𝑏1𝑏2𝑏3𝑏4𝑏5
is rotated counterclockwise with 72◦, as shown in Fig. 2(c). For a
rectangle PMC (rotated anticlockwise with 72◦to the perpendicular
direction) inside the region 𝑏1𝑏2𝑏3𝑏4𝑏5, the corresponding magnetic field
distribution and far-field pattern is the same as case of rectangle PMC
vertically located in the free space (see Figs. 2(d) –2(e)). It demonstrates
that the object inside the inner region of the transformation medium is
virtually rotated clockwise with 72◦. In a word, the proposed pentagon
electromagnetic wave rotator can rotate an object clockwise with 72◦.
Therefore, the angle difference between the inner region and outside the
transformation region is 72◦.

Now, we investigate the first application by virtual of the rotating
medium. Fig. 3(a) illustrates the magnetic field distribution of two sep-
arated identical point sources in free space and located at point 𝑎′4 and
𝑏′4, respectively. The distance between point 𝑎4(𝑎′4) and 𝑏4(𝑏′4) is 0.25 mm
(𝜆∕4), so, these two separated point sources can’t be distinguished
due to the diffraction limit. The wavefront of these two separated
identical point sources shown in Figs. 3(a) and 3(d) (blue curve) is
a circle. Therefore, we can easily break the diffraction limit based
on the field rotator as shown in Fig. 3(b). Here, these two separated
identical point sources are located at point 𝑎4 and 𝑏4, respectively, and

both of them are embedded by the rotating medium. The obviously
inhomogeneous strong and weak magnetic field distributions appeared
due to the coherent effects, as shown in Fig. 3(b), behaving as beyond
the diffraction limit. Fig. 3(c) shows the field distribution of these two
separated identical point sources located at point 𝑎′4 and 𝑏′3, with the
separation distance of 0.778 mm (0.778𝜆). Comparing Figs. 3(b) and
3(c) and the corresponding far-field features in Fig. 3(d) (red and green
curves), both of them have the identical field distribution and the far-
field features, which demonstrate that these two separated identical
point sources coated with rotating medium (with separation distance
of 0.25 𝜆 shown in Fig. 3(b)) appeared as breaking the diffraction limit
due to the rotating effects. That is to say, in Fig. 3(b), the point source in
point 𝑏4 is virtually rotated into point 𝑏′3 (in the virtual space), enhancing
the distance between these two identical point sources in the virtual
space and breaking the diffraction limit.

Then, we study the opposite effects, i.e., the overlapping illusion,
also by using such rotating medium. Fig. 4(a) shows the magnetic
field distribution of two separated identical point sources located in
point 𝑎′3 and 𝑏′4 (with separation distance of 0.778𝜆), without any
transformation medium. Obviously, these two point sources can be
distinguished in the free space. However, when these two point sources
are coated with the rotating medium, the wavefront of field distribution
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Fig. 3. The magnetic field distribution of two separated point-sources located at point 𝑎4 and 𝑏4 with separation distance of 𝜆/4 in free space (a) and transformation medium (b). (c) The
magnetic field distribution of two separated point-sources located at point 𝑎4 and 𝑏5 with a separation distance larger than 0.778𝜆 in free space. (d) The corresponding far field features
of (a) blue curve, (b) red curve and (c) green curve. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. The magnetic field distribution of two separated point-sources located at point 𝑎3 and 𝑏4 with separation distance of 0.778 𝜆 in free space (a) and transformation medium (b). (c)
The magnetic field distribution of two separated point-sources located at point 𝑎3 and 𝑏3 with a separation distance larger than 𝜆/4 in free space. (d) The corresponding far field features
of (a) blue curve, (b) red curve and (c) green curve. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. The magnetic field distribution of two separated point-sources located at point 𝑎4 and 𝑏4 with separation distance of 𝜆/4 in free space (a) and layered transformation medium (b).
(c) The magnetic field distribution of two separated point-sources located at point 𝑎4 and 𝑏3 with a separation distance larger than 0.778𝜆 in free space. (d) The corresponding far field
features of (a) blue curve, (b) red curve and (c) green curve. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

outside the transformation region (Fig. 4(b)) and the far field feature
(Fig. 4(d) of blue curve) are nearly formed as a circle, behaving as a
monopole (overlapped with each other). Fig. 4(c) depicts the magnetic
field distribution of these two identical point sources located at point
𝑎′3 and 𝑏′3 with separation distance of 0.25 𝜆. In Figs. 4(b) and 4(c),
both of them have the same field distributions. In other words, the
point source in 𝑏4 embedded in rotating medium (shown in Fig. 4(b))
is also virtually rotated into point 𝑏′3 in the virtual space. Therefore,
the separation distance of two point sources (in Fig. 4(b)) in virtual
space is just 0.25 𝜆, resulting in the undistinguishable of these two
point sources (see the far field features of blue and green curves in
Fig. 4(d)). Here, these two undistinguishable point sources in Fig. 4(b)
show that they are nearly overlapped with each other due to the circular
wavefront and far field feature of the corresponding field distribution
(see Fig. 4(b) and blue curve in Fig. 4(d)). In theory, by reducing the
thickness of the transformation medium, we can reduce the distance
between point 𝑎′3 and 𝑏′3 to further realize the perfect overlapped optics.
Therefore, the phenomenon demonstrated in Fig. 4(b) could be more or
less categorized as the overlapping illusion.

Actually, both of the two phenomena, i.e., super-resolution effects
and overlapping illusion, are dependent on the separation distance of
these two sources in real space and virtual space, respectively. For the
super-resolution effects, the separation distance of the two point sources
in the real space should be less than 𝜆/2 while it should be larger than
𝜆/2 in the virtual space, which means that |𝑎4𝑏4| <𝜆/2 and |𝑎4𝑏3|>𝜆/2,
based on the Rayleigh criterion (due to the Abble diffraction limit). For
the overlapping illusion, it also should meet the above conditions, which
can be expressed as follows:

⎧

⎪

⎨

⎪

⎩

𝜆
2
> 0.25 mm

𝜆
2
< 0.778 mm

→ 0.778 mm > 𝜆
2
> 0.25 mm. (6)

Therefore, the operating bandwidth of our proposed device is rang-
ing from 0.1928 to 0.6 THz.

Although the effects of breaking diffraction limit and the overlapping
illusion can be realized based on the homogeneous and anisotropic
rotating medium, it is very hard to be found in nature and fabricated.
So, we need to remove the anisotropic to further simplify the material
parameters. Based on the effective medium theory, such homogeneous
and anisotropic rotating medium can be replaced by alternating layered
isotropic dielectrics, i.e., two kinds of medium (medium A and medium
B). The corresponding rotating angle of each layer is given as follows:

𝛼 = (1∕2) tan−1
( 2𝜀𝑥𝑦
𝜀𝑥𝑥 − 𝜀𝑦𝑦

)

(7)

𝜀𝐴,𝐵𝑟 = 𝜁1 ±
√

𝜁1
(

𝜁1 − 𝜁2
)

(8)

where 𝜁1,2 =
[

𝜀𝑥𝑥 + 𝜀𝑦𝑦 ±
√

(

𝜀𝑥𝑥 − 𝜀𝑦𝑦
)2 + 4𝜀2𝑥𝑦

]

∕2.

After detailed calculation, the layered material parameters are as
follows:
For the inner triangle:

𝜀𝐵𝑟 = 0.04843, 𝜀𝐵𝑟 = 0.04843, 𝜇𝐴
𝑟 = 𝜇𝐵

𝑟 = 1.0. (9)

For the external triangle:

𝜀𝐴𝑟 = 41.88690, 𝜀𝐵𝑟 = 0.02387, 𝜇𝐴
𝑟 = 𝜇𝐵

𝑟 = 1.0. (10)

In what follows, we investigate the breaking of diffraction limit based
on the homogeneous and isotropic layered transformation medium
shown in Eqs. (7)–(10). Figs. 5(a) and 5(c) illustrate the magnetic field
distribution of two separated identical point sources in free space and
located at point 𝑎′4, 𝑏′4, and 𝑎4, 𝑏3 respectively. Fig. 5(b) shows the
corresponding magnetic field distribution of two separated identical
point sources located at point 𝑎′4, 𝑏

′
4, covered with the layered rotating
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medium. The field distribution of Fig. 5(a) demonstrates the undistin-
guishable feature of two separated identical point sources (in free space)
located at point 𝑎′4 and 𝑏′4 (see the far field pattern in Fig. 5(d) of blue
curve). In contrast, these two separated identical point sources located
at point 𝑎4 and 𝑏4 and coated with the layered rotating medium (see
Fig. 5(b)) can further enhance the separation distance between each
other. Therefore, the same field distribution of two separated point
sources, with separation distance of 0.778 𝜆 in the free space and
shown in Fig. 5(c), indicates the effects of beyond diffraction limit. Figs.
5(b) and 5(c) also have the same far field features, indicating that two
separated identical point sources, with a separation distance less than
the ‘differential limit’, can also be broken based on the layered rotating
medium. In addition, such layered rotating medium can also be extended
to realize the overlapping illusion (not shown here).

4. Conclusion

In conclusion, we design a kind of pentagon field rotator, which can
realize the effects of breaking diffraction limit as well as overlapping
illusion, resulting in a tri-functional device. Based on effective medium
theory, such a kind of homogeneous and anisotropic rotating medium
can be replaced by homogeneous and isotropic alternating layered
dielectrics. All of the above phenomena are demonstrated based on
the two-dimensional finite element simulations. Both the theoretical
model and numerical simulations provide us with a creative method
for designing multifunctional transformation devices.
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