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The plasma filament induced by photo-ionization in trans-
parent media (e.g., air) is a competitive terahertz (THz)
source, whose mechanism has been widely studied in two sep-
arate schemes, i.e., the one- or two-color femtosecond laser
filamentation. However, the physical commonality of these
two schemes is less explored currently, and a common the-
ory is in urgent need. Here, we proposed the traveling-wave
antenna (TWA) model applicable to both single- and dual-
color laser fields, which successfully reproduced the reported
far-field THz angular distribution/dispersion from different
filament lengths with either a constant or a varied plasma
density. This work paves the way toward a deeper under-
standing of the important laser-filament-based THz sources
within the same theoretical framework. © 2023 Optica Pub-
lishing Group

https://doi.org/10.1364/OL.498603

Introduction. Over the past two decades, terahertz (THz) tech-
nology has received significant attention and undergone rapid
developments. For example, multiple choices have emerged for
THz sources, including quantum cascade lasers [1], photocon-
ductive antennas [2], laser-pumping nonlinear crystals [3], laser
ionization of solids [4], or transparent media (e.g., air) [5–8].
Among these options, the air plasma during femtosecond laser
filamentation is an important THz source combining broad band-
width and high intensity [9,10]. Thus, the underlying mechanism
has become a hot topic in the community, and efforts have
been made on two typical schemes, namely, the single- [11,12]
and dual-color photoionization [13–16]. Since these two fields
are normally considered to be governed by completely differ-
ent mechanisms, as a result, physical models were established,
separately, to explain the experimental phenomena in each field
[11,12] versus [5,13,14,17,18].

However in recent times, a new requirement has been raised
for a unified picture or framework that can provide a clue
for systematically summarizing a set of major experimental
observations from the two fields, in order to gain a deeper under-
standing of the physical commonality. Therefore, there have been
works recently for both one- and two-color laser excitations of
THz wave generation, e.g., a combined model applied for the
THz aqueous photonics [19] and an antenna model working

for the microwave-to-THz radiation from the air plasma [20,21].
Nevertheless, the former theory mainly focused on the ionization
medium of water, leaving blanks for the fundamental gas case,
and the latter stressed mostly on the microwave phenomenon
(<0.05 THz). More importantly, contributions of the crucial
relative phase between the fundamental light and its second har-
monic in the two-color condition were not sufficiently studied
therein [20,21].

In order to resolve the above issues, here we proposed a
unified framework of the traveling-wave antenna (TWA) con-
cept with potential to bridge the single- and dual-color fields.
Briefly, a simple phase factor has been added into the traditional
TWA modal equation borrowed from the microwave photonics,
which could account for the relative phase between the pump-
ing laser and its second harmonic in case of two-color laser
pumping. Afterward, we concentrated on the THz angular dis-
tribution/dispersion from different dual-color plasma filament
lengths, as a function of which, the phase effect has been
investigated. Meanwhile, the plasma density was also care-
fully treated to be either changed with the filament length or
remained as a constant. Accordingly, the suggested TWA model
effectively reproduced representative results reported in the liter-
ature. Moreover, when considering the infinite dephasing length
within the phase factor toward the single-color case, the re-
worked TWA modal formula can be easily restored to its origin
form, which has been recently proved by us to be applicable
to the single-color field with a comprehensive reproduction of
the far-field THz radiation patterns from the air/water plasma
filament(s) [22]. Therefore, this work has successfully included
both the single- and two-color plasma-filament-based THz gen-
erations inside the same TWA frame, by which means the unified
understanding is achieved.

Framework of the TWA concept. In microwave photon-
ics, antennas with current distributions represented by traveling
waves in the same direction are referred to as traveling-wave
antennas (TWA). The corresponding TWA model describes
electromagnetic (EM) radiations from this antenna [20,23]:

E(ω, θ, l) =
|︁|︁|︁ η2πr · j0(ω) sin θ · Q(ω, θ, l)

|︁|︁|︁ . (1)

In the laser plasma region, THz emissions during single-color
laser filamentation can also be interpreted by this model as we
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demonstrated in Ref. [22]. In this situation, two building blocks
of the THz–TWA model, namely, the element and space fac-
tors, can be learned from Eq. (1). Firstly, the current element
factor indicates the type of current and its direction of flow
as j0(ω)sinθ, where j0(ω) is the spectral current [14,22] and
ω is the THz angular frequency with θ defined as the angle
relative to the current axis (z). Secondly, the space factor pro-
vides an accurate description of the phase matching condition as
Q(ω, θ, l) = sin[(kl/2)(K−cos θ )]

(K−cos θ ) , where k=ω / c is the THz wave num-
ber in free space, l is the filament length, and K indicates the
ratio between the THz phase velocity and the laser group veloc-
ity, i.e., the walk-off effect. Besides, r is for the polar coordinate
and η is the intrinsic impedance.

When switching from the single- to two-color filamentation,
the relative phase difference (ϕ) between the fundamental laser
and its second harmonic is a non-negligible parameter, because
the generated THz properties were strongly affected by ϕ when
it was modulated either by adjusting the BBO-to-focus distance
or by changing the filament length, etc. In view of this point, a
phase factor has been added into the modal equation. Briefly, we
first recalled the un-integrated appearance of Eq. (1) as Eq. (2):

E(ω, θ, l) = iη
k exp(−ikr)

4πr
sin θ

∫ l/2

−l/2
j0(ω) exp(ikz cos θ − ik′z)dz,

(2)
where k’ is the wave number of the driven laser. Then, the ϕ
factor was inserted into this monochromatic TWA formula in
form of sinϕ [18,24], and the re-worked TWA model for the
two-color case is

E(ω, θ, l, ϕ) ∝ iη
k exp(−ikr)

4πr
sin θ·∫ l/2

−l/2
j0(ω) · sin ϕ· exp(ikz cos θ − ik′z)dz,

(3)

where ϕ= ϕ0+ kdl with ϕ0 as the initial phase determined by
the frequency doubling process and kd = π / ld as the dephas-
ing wave number. Specifically, ld is the dephasing length [18]
over which the two colors’ phase difference will slip by π
and can be estimated by ld= (λlaser / 2) /∆n. Here, λlaser is the
wavelength of the fundamental laser, and ∆n is the refrac-
tive index difference between the fundamental laser and its
second harmonic, contributed from both air and plasma dis-
persion. That is, ∆n=∆nair +∆nplasma, with nair defined in Ref.
[25], nplasma= (1−ωp

2 /ω2)1/2 and ωp= (e2Ne / meε0)1/2. Here, we
could consider a Gaussian/constant Ne distribution along the
laser filament. While for the transverse scale, it is neglectable
since the studied THz wavelengths are normally larger than the
filament diameter. After integrations, Eq. (3) is finally written
as

E(ω, θ, l, ϕ0) ∝ i exp(−ikr)
η

4πr
· j0 (ω) sin θ·

[eiφ0
sin[( kl

2 )(K − cos θ − λ

2ld
)]

(K − cos θ − λ

2ld
)

− e−iφ0
sin[( kl

2 )(K − cos θ + λ

2ld
)]

(K − cos θ + λ

2ld
)

].

(4)
In this two-color-field formula, the dephasing length ld is a

representative new parameter. One can predict by ld ∝ 1 /∆n that
ld would be larger when the two laser frequency components (f 1

versus f 2) have a smaller ∆f and thus a smaller ∆n. Following
this clue, ld would approach infinite if “f 1 = f 2” and “∆n= 0”
were allowed. In this case, by setting ld as ∞, Eq. (4) can be
simplified into Eq. (1), indeed, the single-color case. Therefore,

Fig. 1. Calculations by the TWA model. (a) THz yields with the
increasing filament lengths at ϕ0 = 0, π / 4, and π / 2. (b) Far-field
THz angular distributions at 1, 3, and 5 THz. (c)–(d) Conical angles
of the THz radiation as a function of the filament length at 1, 3, and
5 THz in condition of Ne being kept constant (c) or being varied
(d). (e) Ne evolutions and corresponding conical angles at 1 THz,
extracted from (c) and (d) for better comparison.

Eq. (4) is actually the general formula for the TWA concept
connecting the two different domains of single- and two-color
fields. In the next section, Eq. (4) would be tested with three
parameters (ϕ0, ω, and ld) being varied.

Investigation of the TWA model via key parameters. THz
yields with different initial phases (ϕ0). The first demonstration
of the TWA formula [Eq. (4)] is by means of predicting the
THz yield under different ϕ0. Setting 1 THz as an example,
the THz yield over the 360° (

π

∫
−π

|E(θ, l, ϕ0)|
2dθ) was calculated

from a length-varied filament with a constant ld∼22 mm for
800 nm and 400 nm laser inside the Ne∼1016 cm−3 plasma [18]
but with different initial ϕ0 of 0, π/4, and π/2, respectively.
The calculation results are shown in Fig. 1(a), inside which
the THz yield with ϕ0 = π / 4 increased almost linearly, while
those at ϕ0= 0 and ϕ0= π / 2 grew in steps around that at π/4.
This indicates that the initial phase does not change the overall
trend of THz enhancement with the increasing filament length
but only has a periodic fluctuating effect. These phenomena
have also been observed in Refs. [18,24], validating our TWA
method. If the THz-laser walk-off effect is further enhanced,
the saturation of THz output can be observed [5] (Section A of
Supplement 1).

Far-field angular distributions at different THz frequencies
(ω). Frequency-dependent THz angular distributions have drawn
intense attention for studying the laser-filament-based THz
sources [5,15,18,24,26]. Here, we also calculated the far-field
THz angular dispersion |E(ω,l)|2 at three frequencies (1, 3, and 5
THz) with Ne∼1× 1016 cm−3, ld∼22 mm and l= 2ld. As shown in

https://doi.org/10.6084/m9.figshare.24535282
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Fig. 2. TWA-based calculations of far-field THz angular distribu-
tions with a constant or variable Ne. (a) For filament lengths of l= ld,
2ld, and 3ld at 1 THz, following Ref. [18]. (b) For l= 3 and 30 mm
over 0.1–4 THz, following Ref. [5]. (c)–(d) For l= 3, 6, 9, 12, and
18 mm over 0.5–15 THz, following Ref. [24].

Fig. 1(b), typical conical THz emissions were observed, and the
angular dispersion properties are exactly the same with Ref. [18]
that the conical angle gradually decreased from 7° to 3° as the
frequency increased from 1 to 5 THz. Moreover, compared with
Ref. [18], our TWA theory succeeds by the reproduction of the
angular distribution with filaments shorter than the dephasing
length ld. This point will be discussed in Fig. 2.

Conical angles of the THz radiation in case of (in)variable
dephasing length (ld). In this section, we studied the effect of ld
on THz generation by changing the plasma density (Ne), which
crucially decides the ld value as interpreted earlier. For laser
plasma filaments, it is possible to maintain the Ne value when
enhancing the pumping laser power and the filament length, e.g.,
by tilting the focusing lens [24], while the most common case
is that Ne increases with the filament length while approaching
saturated. Both of the above situations have been considered
by us.

For the former case, we assume that different lengths of
laser filaments are all set with a constant Ne as 5× 1017 cm−3

(ld∼4.6 mm). In this case, the laser filament is similar to a basic
metal antenna, whose length can be varied while Ne is fixed. It
is well known that the radiation angle of such a metal antenna
decreases as the length increases. This is actually what can be
found in the TWA calculation results as shown in Fig. 1(c), where
the conical angles of THz emissions retrieved from |E(ω,l)|2 at
1, 3, and 5 THz decreased from 19° to 15°, 11° to 8.6°, and 8.6°
to 6.6°, respectively, as the filament length increased from 3 to
20 mm.

For the other case of a varied Ne (between 5× 1016 and
1× 1018 cm−3 (in Section B in Supplement 1), corresponding
ld = 16 to 3 mm) with respect to the filament length; however,
all conical THz angles roughly remained the same as shown
in Fig. 1(d). This special phenomenon can be understood as
follows. We extracted the Ne distributions and corresponding 1
THz results from Figs. 1(c) and 1(d) into Fig. 1(e). Then, one
can see in the inset of Fig. 1(e) that when l is shorter than 5 mm,
the Ne value from Fig. 1(d) as the red line is smaller than that
from Fig. 1(c) as the blue line. Considering that inside a low-Ne

environment, ∆n between the fundamental laser and its second
harmonic is also little, this would result in a large ld, which
further leads to a small conical angle [18]. Thus in Fig. 1(e)
for the conical angle before l= 5 mm, the values from Fig. 1(d)
(red line) are as expected smaller than that from Fig. 1(c) (blue
line). While after l= 5 mm, the situation is the exact opposite
and the red line is above the blue one. Furthermore, due to the
decreasing profile of the blue line, the red line exhibits a rela-
tively horizontal style as shown in Figs. 1(d) and 1(e). In order
to further verify our TWA model based on the above two Ne

conditions, we reproduced results in the literature in the next
section.

Reproductions of representative reports in the literature.
Comparisons have been carried out between the TWA outcomes
and three highly cited publications, whose theories about the
THz profiles detected in the far field are widely accepted. Firstly,
Ref. [18] focused on THz angular distributions from a two-
color laser filament by using the famous off-axis phase matching
model. Secondly, Ref. [5] proposed a successful physical model
based on a linear dipole array along the two-color laser fila-
ment for describing the conical THz radiation. Thirdly, Ref.
[24] reproduced the THz angular results from both its experi-
ments and existing publications by considering comprehensive
parameters during dual-color laser filamentation. These three
works are divided into two categories for our reproductions and
comparisons with Ne being kept either constant or varied, as
shown in Fig. 2.

In Fig. 2(a), THz angular distributions |E(θ,l)|2 were calcu-
lated according to the parameters in Ref. [18], i.e., at 1 THz and
l= ld, 2ld, and 3ld, respectively, where ld = 22 mm. Here, since
ld was fixed, the corresponding Ne could only be treated as an
invariant parameter regardless of the filament length l. It can be
seen that the resultant THz conical angles decreased from 8.2°
to 6.9° as l increased, whose variation trend is quantitatively the
same with Ref. [18] (see also Section C of Supplement 1). How-
ever, it is worth noting that the off-axis phase-matching model in
Ref. [18] cannot well display the conical THz radiation profile
from short filaments (such as l= ld), as shown in Section C of
Supplement 1 as an on-axis pattern rather than a conical one.
This issue could be attributed to the neglect of the in-filament
THz phase change required for establishing conical emissions
[24]. Please see also Section D of Supplement 1 for the mech-
anisms’ transition from short to long filaments [24]. While for
our TWA model, it is applicable for both the cases of l<= ld and
l> ld, as displayed in Fig. 2(a) and Figs. 2(b)–2(d).

In Fig. 2(b), Ne was designed to be changed with the fila-
ment length as the latter was scanned by a metal iris along the
longitudinal direction as did in Ref. [5]. This time, both short
and long filaments (l= 3 and 30 mm) have been studied with Ne

estimated as 5× 1016 and 8× 1017 cm−3 [inset of Fig. 1(d)], and
the corresponding THz angular distributions were calculated in
a broadband within 0.1–4 THz. It can be seen in Fig. 2(b) that
conical angles of the THz radiation are almost the same at about
7.5°, which are independent of the filament lengths. Moreover,
the lobewidth of THz emission from the 30 mm filament is much
less than that from the 3 mm one given by the TWA model. These
observations agree with Ref. [5]. For reasons of the sharp edge
in Fig. 2(b), please see Sections E and F of Supplement 1.

At last in Figs. 2(c) and 2(d), both conditions of constant
and variable Ne have been considered for the angle-dependent
THz yields over 0.5–15 THz from different filament lengths
(3, 6, 9, 12, and 18 mm) by adopting the parameters in Ref.
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[24]. It can be seen that the reference’s results (Section G in
Supplement 1) can be well reproduced by the TWA model in
both cases. Specifically, as shown in Fig. 2(c), when Ne is fixed
as 1× 1017 cm−3 (ld = 13.3 mm), the conical THz angle gradu-
ally decreased from 5 to 2.5, as the filament length increased.
By contrast in Fig. 2(d), when Ne varied between 5× 1016 and
1× 1018 cm−3 with the growth of filament lengths, the conical
THz angle remained at around 5°.

By comparison with the above works, the TWA model has
been verified. It is worth mentioning that a weak on-axis THz
radiation can also be experimentally detected and reproduced by
the TWA model (Section H of Supplement 1). More importantly,
this model has bridged both domains of single- and two-color
fields with a simple transform from Eq. (4) to Eq. (1) by reason-
ably omitting only the ld effect as discussed in Section 2. Then,
Eq. (1) can be fully applied in the single-color field as performed
in Ref. [22].

Conclusion. In summary, the proposed frame of TWA con-
cept in this work possesses the ability of accounting for THz
waves generation during both single- and two-color femtosecond
laser filamentation. Modal formulas for the two cases [Eq. (1)
and Eq. (4)] are bridged by a simple phase factor consider-
ing the relative phase difference between the fundamental laser
and its second harmonic. Representative far-field THz profiles
in two cases can be accurately described by the same TWA
theory. Specifically, characteristics of the THz angular distribu-
tion/dispersion have been investigated, which indicated a strong
dependence on relationships between the plasma density and the
filament length (Fig. 1). Key results in highly cited publications
[5,18,24] have been efficiently reproduced (Fig. 2), verifying the
TWA model.

In future works, this model could not only promote unified
understanding of the two important fields in terms of far-field
THz patterns but also would be able to interpret more natures
of THz radiations from filaments, such as waveform, polariza-
tion, and bandwidth, if equipped with the time–domain analysis
[20,22,27–30]. Moreover, our theory is promising to serve a wide
region of pumping schemes, e.g., the three- or multi-color-laser-
based THz creations with improved phase factors, and might
also be extended to filament-driven sources beyond THz bands.
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