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Abstract: The frequency-dependent divergence angle of terahertz (THz) beams is a crucial
aspect in understanding the generation and transmission of broadband THz waves. However,
traditional beam profiling methods, such as 1D or 2D translation/rotation scanning detection,
are time-consuming and wasteful of THz energy, making them unsuitable for fast measurement
applications, such as single-shot THz generation and detection. Here, we proposed a simple
solution that involves passing the THz beam through a core-anti-resonant reflective (CARR)
cavity (e.g., a paper tube). The spatial information of the beam is then recorded into its frequency
spectrum, which can be easily detected by a following traditional THz time-domain spectroscopy
(TDS) system or a single-shot sampling setup. Our method enables the acquisition of the angular
dispersion without repetitive measurements, and represents a significant step forward in fast and
efficient achievement of spatial properties of broadband THz beams.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The frequency-resolved angular distribution of terahertz (THz) beams is an essential element
towards understanding the generation mechanism of broadband THz waves from sources like
single- [1–7] or two-color femtosecond laser filaments [8–13], as well as managing the THz
diffraction propagation in free space [14–17], etc. Generally, the THz angular dispersion pattern
can be achieved by beam profiling methods, including the knife-edge (KE) technique along the
radial direction of the beam [13,18,19], the rotated sampling around the beam axis [1–6,20], and
the scanning imaging of the beam’s cross section [21,22]. In addition, narrowband THz filters
were frequently positioned before THz detectors (e.g., cameras [8,23] or bolometers [1,3,4]) in
order to resolve different frequency components.

However, the aforementioned approaches suffered from repetitive experimental operations,
such as 1D or 2D translation/rotation scanning detection or optical devices switchover, which
were quite time consuming and THz energy wasting. This issue becomes even more unacceptable
under conditions that require fast measurements. For example, in the single-shot scheme [24–26],
a single THz pulse is emitted during a transient process and must be captured in a single
measurement, as opposed to using multiple pulses and measurements to buildup an image or
spectrum. In this case, the angular dispersion of the THz radiation can hardly be figured out.

In this work, we proposed a straightforward solution to this problem by transmitting the
studied THz beam (in band of 0.1-1.2 THz) through a core-anti-resonant reflective (CARR)

#493930 https://doi.org/10.1364/OE.493930
Journal © 2023 Received 24 Apr 2023; revised 4 Jul 2023; accepted 28 Jul 2023; published 15 Aug 2023

https://orcid.org/0000-0002-8273-5566
https://doi.org/10.1364/OA_License_v2#VOR-OA
https://crossmark.crossref.org/dialog/?doi=10.1364/OE.493930&amp;domain=pdf&amp;date_stamp=2023-08-15


Research Article Vol. 31, No. 18 / 28 Aug 2023 / Optics Express 29000

cavity [27,28] such as a paper tube, inside which the beam’s angular information was recorded
into its frequency spectrum. Next, the output THz pulse was detected by a conventional THz
time-domain spectroscopy (TDS) system, and the modulated spectrum was retrieved by Fourier
transformations (FT) on the temporal signal. By this means, the frequency-resolved angular
distribution was easily obtained with a single THz pulse avoiding repetitive measurements.
Hence, our method is promising to pave the way towards fast acquisition of the spatial property
of broadband THz beams.

2. Conventional methods for detecting the angular dispersion (θ-f ) of a THz
beam

For a typical Gaussian beam emitted from a THz transmitter module combined by a photocon-
ductive antenna (PCA) and two TPX lenses, the divergence angle (φ) can be defined as the
included angle between one cone-beam ray and the axis z as shown in Fig. 1(a). And the φ
value can be estimated by conventional methods like the knife-edge (KE) measurement or 2D
scanning imaging at different longitudinal locations. For the former, please see Section 6. For
the latter, we traced the cross-sectional spots of the beam. Figure 1(b) displayed five examples of
transverse THz images at z=−5, 0, 5, 10 and 15 mm, respectively, and the smallest spot size

Fig. 1. (a) Schematic of a THz beam emitted from a THz transmitter module. (b) Five
cross-sectional amplitude distributions of the THz beam via scanning imaging. (c) Evolutions
of the beam diameter d, the divergence angle φ and the complementary angle θ along the
axis z. (d) θ at three THz frequencies.
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was located at z= 0 mm as the beam waist. The scanning THz imaging was performed by a
self-built micro-probe-based THz imaging system [29], which enables the scanning imaging of
THz distributions within different longitudinal cross-sections of the THz beam, and at each pixel,
a time-domain THz waveform was recorded. In Fig. 1(b), the value of each pixel was determined
by the peak-to-peak amplitude of the temporal THz waveform. Although the probe resolution
of this system is as high as 50 µm, the scanning step size used in our study was relatively large
(15× 15 pixels in 5× 5 mm), because our THz beam spot was simply in a Gaussian shape without
micro-structures. On the other hand, it was for saving time.

The spot diameter d (at 1/e) along z has been quantified as the black dashed line in Fig. 1(c),
and φ was calculated by φ= arctan(∆d/2∆z) as shown as the red solid line in the same figure. It
can be seen that this THz beam had a loose divergence with the maximum φ of about 4 degree.
This beam configuration was set for simulating the THz emission from optical filaments which is
normally in a cone angle of several degrees [8,10,11]. By now, the THz beam has been profiled
in a traditional way, and related parameters were also used for establishing the THz source during
our simulations with the software Rsoft (Section 4).

On the other hand, the proposed CARR method is sensitive to θ (= 90-φ) as shown in Fig. 1(a)
and 2. Therefore, for the sake of convenience for analyses, we added a θ line (θ = 90-φ) in
Fig. 1(c) as the blue dotted line. In this way, one can see that this θ distribution is actually achieved
from Fig. 1(b), i.e., from the THz peak-to-peak amplitude image. Furthermore, if we abstract
the spectral amplitude of the THz signal at a certain frequency rather than the time-domain
peak-to-peak amplitude for each pixel value of THz images, we would get an evolution of THz
images at this frequency along the z axis. Then, we could calculate the frequency-resolved θ
line as we did in Fig. 1(c). Three examples at 0.4, 0.6 and 0.8 THz were plotted in Fig. 1(d).
Two conclusions can be drawn in view of this figure: (I) About the angular dispersion (θ-f ), θ
is smaller at a higher frequency at a fixed z, which is the central concern of our simulations
and experiments carried out by the CARR method in Section 4. (II) For a specific frequency, θ
gradually decreased along z, which has also been studied in Section 5.

Fig. 2. (a) The CARR principle. (b-d) A Gaussian beam was transmitted along the CARR
cavity for measuring θ of different frequencies along the propagation direction z.

3. Principle of the CARR technique

The geometrical optical mechanism of CARR can be understood in Fig. 2(a): optical rays in
a broad THz band oscillate inside a thin-wall cavity (e.g., a paper tube), and the output THz



Research Article Vol. 31, No. 18 / 28 Aug 2023 / Optics Express 29002

spectrum has quasi-periodic dips as resonant frequencies fm [27,28] given by

fm =
mc

2nD cos θm
(1)

where m= 1, 2, 3. . . is the resonance order, c is the speed of light in vacuum, n (= 1 for air) is the
refractive index inside the cavity, D is the inner diameter of the tube, and θm is the incidence
angle of light on the inner surface of the cavity. Based on Eq. (1), θm can be easily computed by

θm = arccos
(︃

c
2D

/︃
fm
m

)︃
(2)

Therefore, the spatially angular dispersion, i.e., θ-f, can be obtained by merely detecting the
transmitted THz-CARR spectrum.

Figure 2(b) indicates the actual scenario of a Gaussian beam incidence into the CARR cavity
from a THz source and the corresponding θ to be considered. By utilizing this pattern, we can
verify both conclusions (I) and (II) presented in Section 2, as demonstrated in Fig. 2(c) and (d),
respectively. Briefly, in Fig. 2(c), the varied θ at different frequencies can be determined. And in
Fig. 2(d), the varied θ along z at one certain frequency can be confirmed by changing the inner
diameter D of the CARR tube.

4. Simulated and experimental results of the THz angular dispersion (θ-f )

To begin with, simulations have been performed with a numerical model established by the
commercial software Rsoft [27,28]. The paper tube model and the modal cross section built in
Rsoft are displayed in Fig. 3(a) and (b), respectively, with n= 1 (air), n’= 1.6 (paper, close to that
in Ref. [30]), t= 80 µm (paper wall thickness), L= 15 cm (tube length) and D= 10.5 mm (inner
diameter), which is the mean value of the used tubes in following experiments (Fig. 4,5). Also in
the software, the input light source was set in Gaussian mode with width of 2.5 mm and θ around
85 degree.

The simulated THz transmission spectrum is shown in Fig. 3(c), and clear CARR phenomena,
i.e., resonant frequencies fm dips (m= 1, 2, 3, 4 and 5, highlighted by red dashed lines) can be
observed as expected in Fig. 2(a). Subsequently, the five fm are extracted and shown in Fig. 3(d)
as symbols. The connecting line of each symbol with the coordinate (0, 0) has a slope of fm/m.
According to Eq. (2), θm (at fm) is positively correlated with fm/m, thus, determined by the varied
line slopes in Fig. 3(d). Theoretically in this way, the angular dispersion θm-fm can be resolved.
To verify this point, experiments were performed as follows.

The THz beam to be measured was shown in Fig. 1(a), which was emitted from a THz
transmitter module as a group of a photoconductive antenna emitter (PCA, from MenloSystems)
and two THz converging lenses (TPX). The employed cage module was able to maintain the
alignment of these three optical devices. So did the detection module. Between the two modules,
a rail and linkage system was also adopted to ensure collimation. The THz focus was fixed at z= 0
mm, and the CARR cavity was placed with the tube entrance coinciding with the waist position
of the THz beam for detecting its angular divergence as shown in Fig. 4(a). The other parts in
Fig. 4(a) demonstrate our all-fiber THz time-domain spectroscopy system (TDS). That is, a fiber
laser device (LangYanTech) delivered laser pulses with central wavelength of 1550 nm, duration
of 100 fs, average power of 60 mW and repetition frequency of 100 MHz in two paths as pump
and probe, respectively. The pump/probe laser pulses passed through polarization-maintaining
fibers (PMF) and excited the THz transmitter/detection module. Besides, an optical delay line
(General Photonics) was mounted in the probe path.

The used CARR cavities (Fig. 4(b)) included a single-layer paper tube (used in this section)
with parameters similar with the above simulation, and a pair of half tubes (used in the next
section) made by 3D printing with n’= 1.64 (resin) and t= 3 mm. These two kinds of tubes
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Fig. 3. Simulations of the CARR mechanism: (a) the paper tube model, (b) the modal cross
section, (c) the transmission spectrum and (d) its five resonant frequencies.

were used in two separate experiments, and the advantage of the resin tube is the adjustable D by
independent translation of each half tube as displayed in the bottom right corner of Fig. 4(b). It is
worth noting that, the cylindrical paper-tube cavities in our experiments were manufactured by
using standard molds [27], and their repositioning accuracy was also taken into consideration
in our setup. There are front and rear adjustable apertures and holders, enabling the tube to be
repositioned as needed, as did in Ref. [31].

Moreover, the top left corner of Fig. 4(b) presents the incident time-domain THz pulse into
the paper cavity. Compared with standard waveforms in the THz-TDS spectrometer [32], ours
had a slight distortion due to the dispersion of pumping laser pulses in our all-fiber THz-TDS
system. The output THz pulse is shown in Fig. 4(c) together with the FT spectrum. It can be
seen that there are five resonant frequencies, and the corresponding fm/m decreased as shown as
the line slopes in Fig. 4(d), similar with the simulation outcomes in Fig. 3. While it is worth
mentioning that, small discrepancies between the experimental and simulated fm can be attributed
to the fabrication errors of the paper tube diameter, which was about 10.7 mm. Besides, there
still existed a gap between the numerically constructed Gaussian beam and the experimental one.
This might also contribute to the discrepancy. Note that, the tube wall thickness t will not directly
affect the observed fm locations [27] according to Eq. (1) where t is not involved.

Based on Fig. 4(d) and Eq. (2), the calculated θ-f are shown in Fig. 4(e), which decreased from
87.5 to 86.7 degree with the increasing THz frequency (below 1.2 THz). This achievement is
basically consistent with the point (I) of Fig. 1(d) in Section 2, whose θ value decreased around
87 degree in the THz range from 0.4 to 0.8 THz. Through multiple measurements, we have also
added error bars to the experimental fm data (Fig. 4(d)). Specifically, the first two points (m= 1,
2) remain nearly unchanged, while the last three points (m= 3, 4, 5) exhibit slight fluctuations
(±0.008 THz). This means the fm value had a maximum change around a spectral resolution,
which is approximately 0.016 THz given by the total temporal width (64 ps) of the detected THz
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Fig. 4. (a) The experimental setup for measuring the frequency-resolved angular distribution
of the THz beam by the CARR method. (b) The used CARR cavities made of paper or resin,
respectively. Insets: the input THz pulse and the transverse image of the resin cavity. (c) The
transmission THz spectrum of the paper cavity. Inset: the output THz pulse. (d) Resonant
frequencies of the CARR phenomena. (e) The calculated θ-f by data in (d) and Eq. (2).

waveform. The impact of this fm error on the θ angle error is depicted in Fig. 4(e), showing
no alteration to the overall trend. So far, both simulations and experiments have proved the
validity of the CARR cavity on angular dispersion recording on the THz spectrum. All the signal
that needs to be detected is a single THz pulse (Fig. 4(c)), which has significantly sped up the
measurement process. In similar ways, two additional experiments have been carried out in
Section 7 and 8, further making the proposed CARR method convincing.
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Fig. 5. (a) The CARR spectra with varied cavity diameters. (b) The calculated θ-f by data
in (a) and Eq. (2). (c-e) The extracted θ-D relations from (b) at 0.4, 0.6 and 0.8 THz.

5. Additional measurements of the θ-z relationship

In order to verify the conclusion (II) of θ-z in Fig. 1(d), we measured the transmitted THz spectra
with the 3D printing cavity by varying its D from 9 to 12 mm. Note that, ∆D= 1 mm resulted into
∆z ∼ 10 mm for θ = 87 degree as shown in Fig. 2(d). The spectral results are shown in Fig. 5(a),
inside which the trajectories of fm were highlighted by dashed curves at different m. Performing
similar calculations like that from Fig. 4(c) to (e), we obtained θ-f values from Fig. 5(a) and
presented parts of the results in Fig. 5(b) as symbols with D ranging from 9.5 to 11.5 mm in step
length of 0.5 mm. Note that, symbols in the same shape and color corresponded to the same
resonance order m (dashed line) in Fig. 5(a).

In Fig. 5(b), it can be clearly seen that θ decreased with the increasing f at a certain D, like that
in Fig. 4(e), and this trend has been further polynomially fitted by black lines (θ =A+Bf +Cf
2 +Df 3). Next, on these fitting curves, we extracted the θ values along three vertical dashed lines
(at 0.4, 0.6, 0.8 THz) and plotted the data in Fig. 5(c-e), respectively, illuminating the decline
of overall θ bars towards higher frequencies. Furthermore, under each frequency, θ gradually
decreased with the growth of D (i.e., the increasing z, as shown in Fig. 2(d)), which agrees with
the point (II) of Fig. 1(d) in Section 2.

6. Comparison experiment of KE measurements

In the above works, the THz beam has been profiled by two methods. One is the conventional
2D scanning imaging as shown in Fig. 1(b-d). And the other one is the proposed CARR
technique. All the comparisons were performed between these two methods’ results, proving
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the CARR’s accuracy and efficiency on divergence angle detection. Here, we also carried out
another comparative experiment using the traditional knife-edge (KE) method.

This time, a thin aluminous (Al) sheet was 1-D scanned across the THz beam spot at z= 0
and 10 mm, respectively. The experimental results and corresponding error function fittings are
respectively shown in Fig. 6(a) and (c), inside which one can see the decreasing THz amplitude
(within 0.1-1 THz) as a function of the displacement distance of the Al sheet. Figure 6(b) and
(d) are enlarged details around the displacement distance of 0 mm in Fig. 6(a) and (c). To
quantificationally analyze the fitting effect of the error function, the root mean squared error as

RMSE(xi, Xi) =
√︃

1
n

n∑︁
i=1

(xi − Xi)
2 was used to estimate the matching between experimental and

Fig. 6. Normalized frequency-divided THz amplitude measured by the KE method and
fittings within 0.1-1 THz at (a-b) z= 0 mm and (c-d) z= 10 mm, respectively. (e) Errors of
the fittings in (a) and (c) at different frequencies. (f) The THz spot diameters at z= 0 mm
and z= 10 mm measured by the KE method, and (g) the calculated θ at each THz frequency.
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fitted data. Here, n is the number of samples for each frequency, and xi is each sample value of
experiment, and Xi is that of fitting. Figure 6(e) displays the calculated fitting error values, most
of which can be observed below 5%. In Fig. 6(e), it is also noticed that the overall errors at z= 0
mm are slightly larger than those at z= 10 mm. This is because of the more oscillations in the
knife-edge curves at z= 0 mm (Fig. 6(a)). And these unwanted oscillations might arise due to the
diffraction effect. Since at the THz beam focus (with a smaller THz spot size), the diffraction
effect during knife-edge measurements was also stronger.

Subsequently, the THz spot diameters at each frequency were extracted and shown in Fig. 6(f),
where the spot sizes at z= 10 mm were larger than those at z= 0 mm as expected. The
corresponding θ value can be calculated by θ = 90-φ= 90-arctan(∆d/2∆z), where θ+φ= 90 is
shown in Fig. 1(a), ∆d is the difference between THz spot diameters at z= 10 and 0 mm, and
∆z= 10 mm. Finally, the θ results are shown in Fig. 6(g). It can be seen that θ is around 86
degree, in agreement with the CARR’s data (Fig. 4). However, the frequency dependence of θ is
not well observed with this KE measurement. In a word, for obtaining the frequency-dependent
divergence angle of THz beams, traditional approaches such as the imaging method (Fig. 1) and
the KE skill (Fig. 6) require 1D or 2D transverse scanning at multiple longitudinal positions z,
which are time consuming, THz energy wasting, and applicable to limited situations. By contrast,
our CARR method is much more efficient.

7. Supplementary experiments of the CARR method on a larger angular dis-
tribution of the THz beam

We introduced an extra TPX lens to enhance the THz beam focusing (Fig. 7(a)), thereby increasing
the divergence angle to about 2 degrees, which can also be resolved by our CARR method as
shown in Fig. 7(b-d).

Fig. 7. An additional TPX lens was introduced to enhance the divergence angle to about 2
degrees, detected by our CARR method.
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8. Supplementary experiments of the CARR method on a laser-plasma-filament
based THz source

We also conducted experiments on another widely used THz source, namely femtosecond laser
filamentation. Briefly, a repetition rate of 1 kHz, central wavelength of 800 nm and duration
of 100 fs Ti: sapphire laser pulse with energy of 1 mJ/pulse was focused by a lens with focal
length of 30 cm. After the lens, a 0.1-mm-thick Type-I β-barium borate (BBO) crystal for
frequency doubling was inserted into the pump path. The air was ionized at the laser focus and
a 7-mm-length plasma filament was generated. Subsequently, the THz wave emitted from the
filament was detected by our CARR method. The central axis of the paper tube had coincided
with the optical axis, and the midpoint of the filament was located at the entrance of the tube.
The experimental results revealed an increasing trend of the detected θ angle with respect to the
frequency (Fig. 8), which differs from the PCA experiments but aligns with the conclusions in
field of THz radiation induced by laser filamentation given by the well-known off-axis phase
matching [8]. Thus, our CARR approach is deemed feasible.

Fig. 8. THz radiation from a laser plasma filament detected by our CARR method.

9. Discussion

It should be noticed that while the CARR method has successfully replicated the beam profile
features marked as (I) and (II), the detected θ values using CARR were not exactly the same as
those shown in Fig. 1(d). Specifically, for 0.8 THz in Fig. 5(e), θ ranged from 87.4 to 86.6 degree,
whereas Fig. 1(d) showed a minimum θ value of approximately 85.5 degrees. One possible
reason for this quantitative discrepancy could be due to the diffraction experienced by the THz
wave during oscillated propagation inside the cavity, as a result of its large wavelength (sub-mm).
Consequently, the THz beam cannot be totally considered as ideal optical rays (Fig. 2(a)), which
makes Eq. (1,2) less precise in this situation. Moreover, for a Gaussian spot, the divergence
angle is a fuzzy parameter depending on the diameter definition. Thus, the results might be more
accurate if the THz radiation has a conical shape with an off-axis maximum, also known as a
donut mode.
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On the other hand, the presented CARR phenomena in this work (i.e., periodic dips in the
spectrum) has similarities with the typical ARROW theory [33,34], or the multi-mode interference
inside a hollow-core waveguide [35,36]. However, the possibility of these two effects can be
ruled out for our phenomenon. For the former, please see our previous work [27], which indicates
the connections between the F-P concept, our CARR and also the ARROW mechanisms. For the
latter, as put in Ref. [35,36], the used tube walls were opaque for optical waves (or THz waves),
which were blocked from transmitting through the cladding. For example, in the former work, a
metallic tube wall was employed for the multimode interference of THz waves within the tube
core.

Following this clue, assuming that previously multimode interferences occurred inside our
paper tubes, then there would still be spectral dips output if we change the paper material into
metal. However, as can be seen in top of Fig. 4(b) of our work [27], the spectral dip phenomenon
was not observed with a metallic tube. We also carried out Rsoft simulations on a Ag-wall tube,
which did not work either (Fig. 9). Whereas under the same simulation conditions, a paper tube
exhibits dips in the spectrum (Fig. 3(c)). So did a meshy metallic tube or a PVC plastic tube in
our experiments [27]. This is because both the transparency and reflection of THz waves by the
tube cladding are necessary for the CARR theory. In other words, for our cases, the interference
outside the tube wall is more crucial than inside the tube core, which is clearly resulted from the
leaky F-P effect as the origin of our CARR theory. Therefore, the multi-mode interference effect
cannot play a dominate role in this work.

Fig. 9. Rsoft simulations of a metallic (Ag) tube for THz transmission based on the CARR
theory. All simulated conditions were the same for this figure and Fig. 3(c) except for the
cladding materials.

10. Conclusion

In summary, this work has proposed a simple method for recording the angular dispersion
information of a THz beam into its frequency spectrum by using a CARR cavity. The output THz
transient has a pulse duration of approximately 20 ps (inset of Fig. 4(c)) and can be captured by
either a common THz-TDS or a single-shot THz detection setup coupled with the CARR cavity.
From the FT spectrum of the THz pulse, the beam divergence angle at the resonant frequencies
can be easily calculated, thus enabling fast determination of the angular dispersion trend. The
development of this CARR technology has the potential to advance the field of real-time THz
beam profiling with high temporal resolution, and facilitate the progress of THz generation and
propagation [37–39].
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